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Holomorphic curves into algebraic varieties 
intersecting moving hypersurface targets 

William Cherry, Gerd Dethloff and Tran Van Tan 


Abstract 

In [Ann. of Math. 169 (2009)], Min Ru proved a second main the¬ 
orem for algebraically nondegenerate holomorphic curves in complex 
projective varieties intersecting fixed hypersurface targets. In this pa¬ 
per, by using a different proof method, we generalize this result to 
moving hypersurface targets. 


1 Introduction 

During the last century, several Second Main Theorems have been established 
for linearly nondegenerate holomorphic curves in complex projective spaces 
intersecting (hxed or moving) hyperplanes, and we now have a satisfactory 
knowledge about it. Motivated by a paper of Corvaja-Zannier [6] in Dio- 
phantine approximation, in 2004 Ru |T9] proved a Second Main Theorem for 
algebraically nondegenerate holomorphic curves in the complex projective 
space intersecting (hxed) hypersurface targets, which settled a long¬ 
standing conjecture of Shiffman [21]. In 2011, Dethloff-Tan [7] generalized 
this result of Ru to moving hypersurface targets (this means where the coef- 
hcients of the hypersurfaces are meromorphic functions) in CP*^. In 2009, Ru 
poi generalized his Second Main Theorem to the case of holomorphic curves 
in smooth complex varieties of dimension n. The main idea in the approach 
of all the papers mentioned above is to estimate systems of n hypersurfaces 
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in general position by systems of hyperplanes, and then to reduce to the case 
of hyperplanes. To prove the Second Main Theorem for the case of curves in 
smooth complex varieties intersecting (hxed) hypersufaces, in [2U], Ru uses 
the hnite morphism 0:1/—)- 4>{x) := [Qi{x) : : Qq{x)], where 

the Qj^s are homogeneous polynomials (with common degree) dehning the 
given hypersurfaces. Thanks to this hnite morphism, he can use a general¬ 
ization of Mumford’s identity (the version with explicit estimates obtained 
by Evertse and Ferretti mm) for the variety \m.(j) C CP'^ However, for 
the case of moving hypersurfaces, we do not have such a morphism. So in 
order to carry out the idea to estimate systems of n hypersurfaces in gen¬ 
eral position by systems of hyperplanes, and then to reduce to the case of 
hyperplanes, we have to go back to the idea of the hltration technique used 
for the case of curves in the complex projective space by Corvaja-Zannier 
|6], Ru |T9] and Dethloff-Tan |^, but with essential differences. In order to 
compute the dimensions of the various factor vector spaces produced by this 
hltration method, the following property was used: If homogeneous polyno¬ 
mials Qo,, Qn in C[xo,..., have no non-trivial common solutions, then 
{Qo,... ,Qn} is a regular sequence (see [7] for the extension to the case of 
moving hypersurface targets). Thanks to this property, the dimension of all 
factor vector spaces in the hltration is exactly equal to the corresponding 
value of the Hilbert polynomial of a common algebraic variety, and then can 
be calculated. However, this regular sequence property is not true any more 
for the general case of varieties V C CP^, and is related to whether or not 
the homogenous coordinate ring of V is Cohen-Macauley. So by dropping 
this restriction on the variety V and thereby losing regular sequences, we can 
no longer exactly calculate the dimensions of these vector subspaces by using 
this method. Our method is based on the following steps: Firstly we show 
that by specializing the coefficients of the polynomials corresponding to the 
moving hypersufaces in generic points, the dimensions of the given vector 
spaces do not change. Secondly, by observing the Hilbert sequence asymp¬ 
totics, we calculate the sum of the dimensions of all the factors of the vector 
spaces in the hltration and by using the algebraic properties of our hltration, 
properties of its Hilbert function and also techniques in combinatorics, we 
prove that almost all of these factor vector spaces have the same dimension. 
Finally we prove that we can neglect the other factors vector spaces of the 
hltration where the dimension is not as expected. Another difficulty in the 
case of moving hypersurface targets is that they are in general position only 
for generic points. In order to overcome this difficulty, in Dethloh-Tan [7] 
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we used the resultant of a system of polynomials (where the number of poly¬ 
nomials is equal to the number of variables) in order to control the locus 
where the divisors are not in general position. For the more general case of 
varieties V (where the number of polynomials can be bigger than the number 
of variables) this technique becomes more complicated since the ideal of the 
inertia forms of such a system of polynomials is not a principal ideal in gen¬ 
eral (unless y is a complete intersection variety). But we will observe (see 
section 2) that there always exists an element of this ideal with properties 
which are enough for our purpose. 

Let / be a holomorphic mapping of C into CP^, with a reduced represen¬ 
tation / := (/o : • • • : /m)- The characteristic function T/(r) of / is dehned 
by 


2tt 

r/W:=^/log|l/(re")||<i«, r > 1, 

0 

where ||/|| := max{|/o|,..., |/m|}. 

Let u he a divisor on C. The counting function of i/ is dehned by 

N,{r) := j log^y^^df, r > 1. 

1 

For a non-zero meromorphic function y?, denote by the zero divisor of 
V?, and set N^{r) := N^^{r). Let Q be a homogeneous polynomial in the 
variables Xo,...,xm with coefficients which are meromorphic functions. If 
Qif) ■= Q(/o,..., /m) ^ 0, we dehne Nf{r, Q) := NQ(^f){r). Denote by Q{z) 
the homogeneous polynomial over C obtained by evaluating the coefficients 
of Q at a specihc point z E C in which all coefficient functions of Q are 
holomorphic (in particular Q{z) can be the zero polynomial). 

We say that a meromorphic function y? on C is “small” with respect to / 
if T^{r) = o(Tf{r)) as r —)■ cxd (outside a set of hnite Lebesgue measure). 

Denote by /C/ the set of all “small” (with respect to /) meromorphic 
functions on C. Then /Cj is a held. 

For a positive integer d, we set 

Td '■= {(zo, • • •, i-M) £ : *0 + ■ • • + W = d}. 
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Let Q, = {Qi,... ,Qq} be a set of q > n + 1 homogeneous polynomials in 
/C/[xo,..., xm], deg Qj = dj > 1. We write 

(i = l, •••,?) 

where = Xg° • • • for x = (xq, ..., xm) and / = (io,..., iju)- Denote 
by /Cq the field over C of all meromorphic functions on C generated by 
{oj/ ; / G j G {1,..., g}}. It is clearly a subheld of fCj. 

Let V C CP^ be an arbitrary projective variety of dimension n, generated 
by the homogeneous polynomials in its ideal X(I/). Assume that / is non¬ 
constant and Imf C V. Denote by the ideal in /Cq[xo, ... ,xm] gen¬ 

erated by X{y). Equivalently X^qJ^V^ is the (inhnite-dimensional) /Cg-sub- 
vector space of /Cq[xo, ..., xm] generated by X{y). We note that Q{,f) = 0 
for every homogeneous polynomial Q G Xic^iV). We say that / is alge¬ 
braically nondegenerate over /Cq if there is no homogeneous polynomial 
Q G /Cq[xo, ... ,xm] \X/Cq(D) such that Q{f) = 0. 

The set Q is said to be V— admissible (or in (weakly) general position 
(with respect to D)) if there exists z E C in which all coefficient functions 
of all Qj, j = 1,g are holomorphic and such that for any 1 ^ jg < • • • < 
jn ^ g the system of equations 

(Qj,{z){xo,...,XM) = 0 , . 

\ O^i^n ^^ 

has no solution (xq, ..., xm) satisfying (xq : • • • : xm) G V. As we will show 
in section 2, in this case this is true for all 2 : G C excluding a discrete subset 
of C. 

As usual, by the notation “||P” we mean that the assertion P holds for 
all r G [1, -|-cxd) excluding a Borel subset E of (1, -1-cxd) with J dr < -|-cxd. 

E 

Our main result is stated as follows: 

Main Theorem. Let V C CP^ be an irredueible (possibly singular) variety 
of dimension n, and let f be a non-constant holomorphic map of C into V. 
Let Q = {Qi ,..., Qg} be a V— admissible set of homogeneous polynomials 
in /C/[xo,...,X m] with degQj = dj > 1. Assume that f is algebraically 


4 



nondegenerate over K,q. Then for any e > 0, 


\\{q-n-l- e)Tf{r) ^ 


i=i 


In the special case where the coefficients of the polynomials Qj’s are constant 
and the variety V is smooth, the above theorem is the Second Main Theorem 
of Ru in [20] . According to Vojta (0, p. 183) generalizing this theorem of 
Ru to singular varieties can be done already by his proof methods without 
essential changes of the proof (see also Chen-Ru-Yan 0 . 111 ). so the essential 
generalization in our main result is the one to moving targets. 

We define the defect of / with respect to a homogenous polynomial Q G 
ICf[xo, ..., xm] of degree d with Q{f) ^ 0 by 


Sf{Q):= lim inffl-^^^F^ 
r^+oo V d-Tf{r) 


As a corollary of the Main Theorem we get the following defect relation. 


Corollary 1.1. Under the assumptions of the Main theorem, we have 


^ n + 1. 


1=1 
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2 Lemmas 


Let /C be an arbitrary field over C generated by a set of meromorphic fnnc- 
tions on C. Let y be a snb-variety in CP^ of dimension n defined by the 
homogeneons ideal TiV) C C[xo,..., x^]. Denote by TfciV) the ideal in 
/C[xo, ..., xm] generated by T{y). 

For each positive integer k and for any (finite or infinite dimensional) 
C-vector snb-space W in C[xo,... ,xm] or for any /C-vector snb-space W 
in IC[xo,. .. ,xm], we denote by Wk the vector snb-space consisting of all 
homogeneons polynomials in W of degree k (and of the zero polynomial; we 
remark that Wk is necessarily of finite dimension). 

The Hilbert polynomial Hy of V is defined by 

Hv[N) ■= dime-T-—-, N e Nq. 

-L-[V )n 

By the nsnal theory of Hilbert polynomials (see e.g. H). for N » 0, we 
have 


Hy{N) = degy • ^ + 0{N^-^). 
nl 

Definition 2 . 1 . Let W be a K-vector sub-space in JC[xo, ■ ■ ■ ,xm]- For each 
z ^ C, we denote 

W{z) := {P{z) : P E W, all coefficients of P are holomorphic at z}. 

It is clear that W{z) is a C-vector snb-space of C[xo,. .. ,xm]- 

Lemma 2 . 2 . Let W be a IC-vector sub-space in ]C[xo, ... ,xm]n- Assume 
that is a basis of W. Then {/ij(a)}jh;^ is a basis ofW{a) (and in 

particular dim^^ W = dim^ iy(a )) for all a E C excluding a discrete subset. 

Proof. Let {cif be the matrix of coefficients of {hj}f^i. Since {hj}f^i are 
linearly independent over /C, there exists a sqnare snbmatrix A of {cif of 
order K and snch that detH ^ 0. Let a be an arbitrary point in C snch 
that det H(a) 7 ^ 0 and snch that all coefficients of are holomorphic 

at a. For each P E W whose coefficients are all holomorphic at a, we write 
P = tjhj with tj E 1C. In fact, there are coefficients hj {j = 1,... ,K) of 
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P such that (ti,..., tx) is the unique solution in fC^ of the following system 
of linear equations: 


(h\ (h\ 


A- 


VkJ 




By our choice of a, so in particular we have det A{a) ^ 0, and since 

are holomorphic at a, we get that the are holomorphic at a. Therefore, 

^ i'he other hand, still by our choice 

of a, we have hj{a) G W{a) for all j G X}. Hence, {hj{a)}f^i is 

a generating system of W{a). Since det H(a) 7 ^ 0, the matrix (cij(a)) has 
maximum rank. Therefore, {/ij(a)}jh^ are also linearly independent over 


C. 


□ 


Throughout of this section, we consider a V— admissible set of (n + 1) 
homogeneous polynomials Qo, ■■■, Qn in /CIxq, ■■■, xm] of common degree d. 
We write 


Qj = ^ajix^, (j = 0 ,...,n), 

i&P 

where Ujj G /C and Td is again the set of all I := (fo,..., in) ^ with 

fo T • • • + im — d. 

Let t = (..., tj/,...) be a family of variables. Set 

Qj = ^ tjix^ G C[f, x], (j = 0,..., n). 

I&Td 

We have 

Qj{.. ... ,a;o,.. .,xm) = Qj{z){xo ,.. .,xm)- 

Assume that the ideal TiV) is generated by homogeneous polynomials Pi,..., Pm- 
Since {Qo, • • •, Qn} is a V— admissible set, there exists Zq E C such that the 
homogeneous polynomials Pi,..., Pm, Qo(^o), ■ ■ ■, Qn(2:o) in C[a:o,..., xm] have 
no common non-trivial solutions. Denote by c[t](-Pu • • •) Pm, Qo, ■ ■ ■, Qn) the 
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ideal in the ring of polynomials in xq, ..., xm with coefficients in C[t] gener¬ 
ated by Pi,, Pm, Qo, ■ ■ ■ ,Qn- A polynomial R in C[t] is called an inertia 
form of the polynomials Pi,..., Pm, Qo, ■ ■ ■ ,Qn if h has the following prop¬ 
erty (see e.g. my 

- R € c[t] (Pi, . . . , Pm, Qo, ■ ■ ■ , Qn) 

for z = 0 ,..., M and for some non-negative integer s. 

It is well known that for the (m -|- n -|- 1) homogeneous polynomials 
Pi(xo,.. .,xm), Qj{- ■ ... ,Xo,.. .,xm), i e_{l, • • ■,m}, j E {0,... ,n} 

there exist finitely many inertia forms Ri,...,Rs (which are homogeneous 
polynomials in the tji separately for each j {j = 0,... ,n) ) such that the 
following holds : For special values tjj of tjj the (m -|- n -|- 1) homogeneous 

polynomials Pi{xo,.. .,Xm), Qji- ■ ...,Xo,.. .,Xm), f G {1,... ,m}, j E 

{0 ,... ,n} have a common non-trivial solution in Xq, ..., Xm if and only if 
is a common zero of the inertia forms Pi, ...,Rs (see e.g. [12], page 35 
or [21], page 254). Choose such a P for the special values t^j = aji{zo), 
and put R{z) := P(..., aki{z),.. .) E 1C. Then by construction, P(zo) 7^ 0, 
hence R E 1C \ {0}, so in particular P only vanishes on a discrete subset of 
C, and, by the above property of the inertia form P, outside this discrete 
subset, Qo{z ),..., Quiz) have no common solutions in V. Furthermore, by 
the definition of the inertia forms, there exists a non-negative integer s such 
that 

x-'Re ^(Pi,...,Pm,Qo,---,Qn), for z = 0 ,...,M, (2.1) 

where ic{Pi, ■ ■ ■, Pm, Qo, ■ ■ ■, Qn) is the ideal in /C[xo,..., xm] generated by 
Pi, . . . , Pm, Qo, ■ ■ ■ , Qn‘ 

Let / be a nonconstant meromorphic map of C into CP^. Denote by C/ 
the set of all non-negative functions h : C —> [0, -|-cx)] C R, which are of the 
form 

|zzi| H-h \Uk\ , . 

+ + ^ ^ 

where A:, £ G N, Ui, Vj G /C/ \ {0}. 

By the First Main Theorem we have 

27r 

— /log’''|(/>(re*^)|(i6* = o(P/(r)), as r —)■ cxo 
27r J 
0 
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for ^ G /C/. Hence, for any G C/, we have 

2-k 

— [ log^h{re^^)d6 = o{Tf{r)), as r —)■ cxd. 

271 J 
0 

It is easy to see that sums, products and quotients of functions in C/ are 
again in C/. 

By the result on the inertia forms mentioned above, similarly to Lemma 
2.2 in [7], we have 

Lemma 2.3. Let be a V— admissible set of homogeneous polyno¬ 

mials of degree d in JC[xo,... ,xm]- If JC G /C/, then there exist functions 
hi, h 2 E Cf\ {0} such that, 

^ 2 - ll/ll"'^ max \Qj{fo,---jM) \ < hi - ||/||'^. 

In fact, the second inequality is elementary. In order to obtain the hrst 
inequality, we use equation ( 12 . Ih in the same way as the corresponding equa¬ 
tion in Lemma 2.1 in [7], and we observe that we have Pj(/o,..., fu) = 0 for 
i = I, ...,m since /(C) C V, so the maximum only needs to be taken over 
the Qj{fo, ..., /m), j = 0,..., n. The rest of the proof is identically to the one 
of Lemma 2.2 in [7]. 

We use the lexicographic order in Nq and for I = (zi,... ,z„), set ||/|| : = 

Zl Zn- 

Definition 2.4. For each / = (zi, • • • , z„) G Nq and N E Nq with N > d||/|l, 
denote by the set of all 7 G }C[xo, ■ ■ ■, XM]N-d\\i\\ such that 

Y. Q\'---Qn'<E<^lK(V)N. 

E={ei,...,en)>I 

for some G /C[xo,.. ■ ,XM]N-d\\E\\- 

Denote by the homogeneous ideal in /C[xo,..., xm] generated by U7v>d||7||C^- 

Remark 2.5. i) is a K-vector sub-space of ]C[xo,... ,XM]N-d\\i\\, and 
{I{V),Qi,...,Qn)N _d||/|| C C/t) where {X{y),Qi,... ,Qn) is the ideal in 
IC[xo,..., Xm] generated by X{y) U {Qi,..., Qn}- 

a) For any 7 G and P G /C[xo,..., XM]k-, we have j ■ P E C-M+k 
Hi) n }C[xo, . . . , XM]N-d\\I\\ = X-N- 

iv) is a graded modul over the graded ring 1 C[xq, ..., xm]- 
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Set 


:= diniA: 


/C[xo, . . . , XM\N-d\\I\\ 




For each positive integer N, denote by tn the set of all J := (zq, ..., in) G Mg 
with N - d\\I\\ > 0. Let 7/1,, 7/^^ G /C[xo,..., XM]N-d\\i\\ such that they 

form a basis of the /C-vector space _ 

Lemma 2.6. {[QY ■ ■■Qn-Jii ],..., [QY ■ • -Qn I = {h, ■■■,in) ^ tn} 
is a basis of the JC-vector space • 

Proof. Firstly, we prove that: 


{[Q'f ■■■Q'n- In], . . . , [Qi' • • • Q'n ■ I = {h, ■ ■ ■ , In) ^ T^} (2.3) 

are linearly independent. 

Indeed, let tn G /C, (/ = (zi,..., z^) G tn, ^ G {1, ..., m^}) such that 


{tn [Qf: ■ ■ ■ Qfn ■ In] + • • • + [Q^f ■ ■ ■ Q^n ■ 7zm^]) — 0- 

/Grjv 


Then 


Q^i ' "Qn {tn'ln H-h ^/m^7/m^) ^ ^ic{V)n- (2.4) 

I&tn 

By the definition of £jy, and by fl2.4p . we get 

P* I* 

tnilin H-h ^ ^n, 

where I* is the smallest element of tn- 

On the other hand, { 7 /n, ■ ■ ■, li*m,n } form a basis of _ 

N l-jV 

Hence, 


tin - ■ ■■ - tj*^n - 0. (2.5) 

Then, by (12.4p . we have 

Q'l -- - Qn {tn-yn H-h G Iic{V)n- 

/Gtjv\{/*} 
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Then, similarly to (I2.5jl . we have 


where / is the smallest element of rjv \ {/*}• 

Continuing the above process, we get that tu = 0 for all I E tn and £ G 
and hence, we get (I2.3|l . 

Denote by C the /C-vector sub-space in ]C[xo,, xm]n generated by 
{Q'l • • ■ Qn" • 7n, . . . , Q7 ■■■Qn- 7/m^, I = {iu • • • Dn) e tn}. 

Now we prove that: For any I = (zi,..., G we have 

(2.6) 


for all 7 / G 1C[xq, ..., XM]N-d\\i\\- 

Set r = (z^,...,z(^) := max{/ : / G Tm]. Since 7 /'!, • • • j 7 //^^ form a 
basis of ^ g lC[xo ,..., XM\N-d\\i'\\, we have 

Cn 


j' 

7 // = tjii ■ ■jjii -|- hpi, where hj/i G and f//£ G JC. (2.7) 
£=1 

On the other hand, by the definition of , we have ■ hpi G 

X)c{y)N (note that I' = max{J : I G Tat}). Hence, 


■ ■ ■ Qn ■ 7/' — ^ ■ ■ ■ Qn ■ ii'i + Qi^ ■ • ■ Qn ' ^ + x^^iy) 


N. 


£=1 


We get fl2.6p for the case where 1 = 1'. 

Assume that fl2.6l) holds for all / > /* = (z^,..., z*). We prove that fl2.6p 
holds also for 1 = 1*. 

Indeed, similarly to 02.71) . for any 7 /* G JC[xo,... ,XM]N-d\\i*\\, we have 


7/* = E ti*i ■ li*i + hi*£, where hj*i G and tpi G /C. 
£=1 
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Then, 




• 7/* 


tl*lQ'l ■ ■ ■ Q^n • ll*i + Q^l ■ ■ ■ Qn • hl*£. 

e=i 


Since hi*i e we have 

g? ■ ■ ■ Qjr • - E QT---Qn-9Ee Ik{V)n, 

E=(ei,...,e„)>/* 


for some Qe G /C[xo, • • •, XM]N-d\\E\\- 
Therefore, by the induction hypothesis, 

Qf---Q^;--hE£eC + I,c{V)N. 

Then, by fl2.8p . we have 


(2.8) 


This means that fl2.6l) holds for 1 = 1*. Hence, by (descending) induction we 
get (|2.6p . 

For any Q G /C[xo,..., xm]n, we write Q = Q? • • ■ g° • Q. Then by (|2.6|) ' 
we have 

QeC + lKiV)N. 

Hence, 

{[«■ 7/il,.... IQV / = (ii..... 4) e r„} 

is a generating system of ^ Combining with (I2.3p . we get the con¬ 
clusion of Lemma 12.61 □ 

Lemma 2.7. : I G Mq} < oo. 

Proof. Suppose that if{C^ : I G Ng} = oo. Then there exists an infinite 
sequence consisting of pairwise different ideals. We write Ik = 

{iki, ■ ■ ■ ,ikn)- Since ike ^ there exists an inhnite sequence of positve 
integers pi < p 2 < P 3 < ■ ■ ■ such that ^ ip^e ^ ip^e ^ • • •, for all 
^ = 1,..., n: In fact, firstly we choose a sub-sequence iq^i ^ iq 2 i ^ iqsi ^ ■ 

of Next, we choose a sub-sequence of Vi 2 ^ V 22 ^ V 32 ^ ••• 
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of {iq^ 2 }'^=i- Continuing the above process until obtaining a sub-sequence 

'^pin ^ ^P2n ^ ^p3n ^ ‘ ■ 

We now prove that: 


£ipi C £^^2 C c ■■■ . 


(2.9) 


Indeed, for any 7 G (for any N and k satisfying iV — ||Jp^|| > 0), we have 

E=(ei,...,en)>Ipf. 

for some 7 ij G /C[xo, • • •, a;M]Ar-d||E||. 

Then, since ip^j^^i — ip^i, ■ ■ ■, ip^+in — ip^n are non-negative integers, we have 

/-)*Pfe+ll \ ^ ^®l+(®Pfe+ll“*Pi;l) „en+(*Pi;+iri-*Pfe") .7- /T rN 

Vl •■'Vn 7 — 2^ h:! •■'Vn lE ^ -Licyv )N- 

E={^e\ ,...,en)>Ip^ 

On the other hand since E = (ei,...,e„) > Ip^ we have (ei -|- — 

ip^u ..., Therefore, 7 G ^N"-d]\ipj+d\\ip,^j- Hence, 

all k,N. Therefore, C £^^'=+1 for all /c. We 

get (1T9|) . 

Since ]C[xo, ..., xm] is a noetherian ring, the chain of ideals in (12.9^ becomes 
dually stationary. This is a contradiction. □ 

Lemma 2.8. There are integers no, c and d such that the following asser¬ 
tions hold. 

= c for all I eN^,N E Mq satisfying N - 

d\\I\\ > no. 

a) For each I E Nq there is an integer such that = mj^ for all 
G Mo satisfying N — d\\I\\ > no. 

Hi) ^ d, for all J G Nq and G Nq satisfying N — d ■ ||/|| > 0. 

Proof. For each 2 : in C such that all coefficients of Qj {j = 1,..., n} are holo- 
morphic at z, we denote by Q{z ),..., Q{z)) the ideal in C[a:o! ■ ■ ■ ,xm] 

generated by I{V) U {Qi{z ),..., Qn{z)}. 

We have 


(X(l/), Qi(z),..., Qn{z)) C (X(l/), Qi,..., Qn){z). (2.10) 
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Indeed, for any P G (X(y),Qi{z),... ,Qn{z)), we write P = G + Qi{z) ■ 
-Pi + • • • + Qniz) ■ Pn, where G E I{V), and Pi E C[a;o,..., xm]- Take P := 
G + Qi ■ Pi + ■ ■ ■ + Qn ■ Pn E {X{y), Qi,, Qn), then all coefficients of P 
are holomorphic at z. It is clear that P{z) = P Hence, we get fl2.10p . 

Let N be an arbitrary positive integer and / be an arbitrary element in 
Tat. Let {hk := YJj=iQj ' Rjk + ■ gjk}k=i be a basic system of 

(X{V),Qi,... ,Qn)N-d-\\i\\, where gjk E T{V), and Rjk,Jjk,^ }C[xo,... ,xm] 
satisfying deg((5j • Rjk) = deg^'jjk ■ gjk) = N — d ■ ||/||. By Lemma [221 and 
since {Qo ,..., Qn} is a V— admissible set, there exists a E C such that: 

i) {hk{a)}k=i is a basic system of {X{V),Qi,..., Qn)N-d-\\i\\{a), 

ii) all coefficients of Qj, Rjk,'yjk, djk are holomorphic at a, and 

iii) the homogeneous polynomials Qo{cl), ■ ■ ■, Qn{ci) G C[xo,..., xm] have 
no common zero points in V. 

On the other hand, it is clear that hk{a) E (XiV), Qi{a),..., Qn(a)), for all 
k = 1,..., K. Hence, by fl2.10l) . and by i), we have 

(P(h^) ) Ql(®) ) ■ ■ ■ ) N—d-\\I\\ (T(H ), Qi, . . . , QQN—d-\\I\\ (®) • 

Then, we have 


dim^(X(l/), Qi,.. . ,Qn)N-d-\\i\\ = K = dimc(X(H), Qi,..., Qn)N-d-\\i\\{a) 

= dimc(X(H),Qi(a),.. •, Qn(a))iv-d-||/||- 


Therefore, 


dimx: 


IC[xo, . . . , XM]N-d\\I\\ 
(X(H), Ql, . . . , Qn) N—d\\I\\ 


dime 


C[xo, . . . , XM]N-d\\I\\ 

(X(H), Qi(fl), . . . , QniOj))N—d\\I\\ 

( 2 . 11 ) 


On the other hand, by the Hilbert-Serre Theorem ([I2], Theorem 7.5), there 
exist positive integers rii, c such that 


dimj 


C[xo, . . . , XM]N-d\\I\\ 
(X(17), Qi[(l), . . . , Qn{0-))N—d\\I\\ 


= C, 


for all / G Mg and N eNq satisfying N — d\\I\\ > ni. 
Combining with fl2.1ip . we have 


IC[xo, . . . ,XM]N-d\\I\\ _ 

mv),Qu---,Qn)N-4n ~ 


( 2 . 12 ) 
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for all / e Nq and N e Nq satisfying N — d\\I\\ > ni. 

Let and h be the Hilbert fnnctions of and 

respectively. Since (X(H), Qi,..., Qn) C we have W ^ h. On the other 
hand, by Matsumura [16], Theorem 14, h\k) is a polynomial in k for all 
k » 0 and by (2.12), we have h{k) = c for all k > ni. Hence, there are 
constants ^ n 2 snch that h\k) = for all k > n 2 and then = 
h\N — d\\I\\) = for all N ^Nq satisfying A^ —(i||J|| > n 2 - By Lemma [2?7l 
we may choose n 2 common for all I. Taking no := max{ni,n 2 }, we get 
Lemma 2.8, i) and ii). 

We have = h\N — d||/||) ^ h{N — d\\I\\) ^ ma.x{c,h{k) : k = 
0,..., no}. Hence, taking c' := max{c, h{k) : k = 0,..., no}, we get Lemma 2.8 
hi). 

□ 


Set 


m : = min . 

/GN" 

We £x Jo = (foi, • • •) ’ion) G Nq , and A'o G No such that Nq — d\\Io\\ > no and 
= m. 

For each positive integer N, divisible by d, denote by the set of all 
I = {ii,... ,in) e tn such that N — d\\I\\ > no and 4 > max{zoi, • • • Non}, 
for all /c G { 1 ,..., n}. 

We have 

( 9 (jV"-“i), and so 
(2.13) 

Lemma 2.9. = degH • d” for all N » 0, divisible by d, and I G r^. 

Proof. For any 7 G we have 

T:=QT---QT7- 

E={ei,...,en)>Io 


#r,v = ' 

n 


1 

= Tr--r + 0(iV”-^), 


d 


n\ 

n—l\ 


#{IeTN-.N- d\\I\\ 4 no} = 0(iV"-N, 

if {I = (4, ■ ■ ■, 4) G Tat : 4 < niax 4^, for some k} = 

#< = 77-^ + 0(iV"-^). 




n! 
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for some 7 ^ G K,[xq, ..., XM\N-d\\E\\- 
Then, for any J = (zi,..., G r^, we have 


Qi'---Qn7- Qei+7-i0l...ge.+Z„-*0n^^ 

E={ei,...,en)>Io 

= ■ T G X,c{V)no- (2.14) 

On the other hand since / G and E > Iq, we have (ei + Zi — ioi; ■ ■ ■ > + 

^On) ^ X 

Hence, by fl2.14p we have 

7 e C^N^+d\\I\\-d\\Io\\- 

This implies that 

X X^No+d\\l\\-d\\Io\\- 


Then 


m = = dim. 


ic 


/C[xo, . . . , XM]No-d\\Io\\ 


rh 

^No 


> dim 


K. 


Ar[Xo, • • • ; ^iVf]A^O~^^|ho|| 
'^Aro+<i||/||-d||/oll 


"^Aro+<i||r||-d||/o||- 


(2.15) 


On the other hand since {No + d\\I\\ — d||/o||) — c^||.^|| = Nq — d||/o|| > '^0, and 
N — ||/|| > no (note that I G r^), by Lemma [2781 we have 


J — 


= m 


N- 


Hence, by fl2.15p . m > = mj^. Then, by the minimum property of m, we 

get that 


= m for all / G r^. (2-16) 

We now prove that: 

dim/cX^(l/)Ar = dimcX(H)Af. (2.17) 

Indeed, let {Pi,...,Fs} be a basis of the C— vector space X{V)n- It is 
clear that XiQ{V)]<q is a vector space over /C generated by X(l/) 7 v, therefore 
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{Pi,..., Ps} is also a generating system of Xic(y)N- Then, for (I2.17p . it suf¬ 
fices to prove that if p,..., p G /C satisfy 


ti ■ Pi + ■ ■ ■ + tg ■ Pg = 0, 


( 2 . 18 ) 


then ti = ■ ■ ■ = tg = 0. We rewrite (12.181) in the following form 


A- 


AA 


\P/ 


/0\ 


W 


where A GMat((^^A x s,/C). 

If the above system of linear equations has non-trivial solutions, then iank]cA < 
s. Then rankc7l(z) < s for all z G C excluding a discrete set. Take a G C 
such that rankc24(a) < s. Then the following system of linear equations 


24(a) 


AA 


\ts/ 


/o\ 


Vo/ 


has some non-trivial solution (p,..., p) = (ai,..., a^) G C® \ {0}. Then 
cti • Pi • -f cts • Ps = 0, this is a contradiction. Hence, we get (12.17p . 

By Lemma [2.61 and fl2.17p . we have 


^ = dim/c 

/Grjv 


/C[xo, . . . , Xm]n 


My)N 


dimf 


C[a;o, ..., xm\n 


XiV) 


N 


deg V ■ —- -I- 0{N 
n\ 


n—l's 


for all N large enough. 

Combining with fl2.16p . we have 

ATn 

Y] = degV ■ —+ 0{N^Y- 

„ n\ 


(2.19) 


( 2 . 20 ) 
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On the other hand by Lemma 12781 ^ c', for all I E Tn \ Hence, by 

(I2.13p . we have 


m = degH • d”. 

Combining with (I2.16p . we have 

= deg V ■ (T 


for all / G T%. □ 

Lemma 2.10. For each s G {1 ,... ,n}, and for N » 0, divisible by d, we 
have: 


d- [n + 1)! 

Proof. Firstly, we note that if / = (H, • • •, *n) £ then all symmetry I' = 
(fo-(i), • • •, V(n)) of I also belongs to r^. On the other hand, by Lemma 12.91 



18 








we have = deg V ■ d^, for all I & t%. Therefore, by (12.131) we have 
J „• 


rn^N-^i = ---= Y. 

I —(^ 1 , • I — (^1 )■ ■ -An ) 

= degV-d--J2 

^6t0 


^7V * 


n 


.degV.d". 5 : 


./Grjv 


I&tn\t^ 


n 


JV 

d 


>degV.d”|^l A + n-1 


k=0 

a 

d 


n 


n — 1 


) “ ^ 


degi/.d” 15:1. -0(^”-‘)4 

k=0 ' 


nd 


E. 

d 


k=l ^ ^ 


N 


+ n 


= degy ) -0{N^) 


> 


deg V 


A^^+i _ O(N^). 


d ■ (n + 1)! 
Hence, for each z G {1,..., n} 


E 


■ is > 


E 


TTZjv ■ Is 


I={h,...,in)£T[^ 


> 


I={il,...,in)&T^ 

degH 
d ■ {n + 1)! 


AT’^+i _ 0 {N^). 


We recall that by (I2.19p . for >> 0, we have 

dimK --^mU ^ = deg 1/ . ^ + 0(Af"-') 

Ik{V)n nl 


□ 


Therefore, from Lemmas 12.6112.101 we get immediately the following resnlt. 
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Lemma 2.11. For all N >> 0 divisible by d, there are homogeneous poly¬ 
nomials (f)i,, 4 >Hv(n) in 1 C[xo, ... ,xm]n such that they form a basis of the 

/C— vector space Xk.(v)n —’ 


HviN) 

n - (Ql ■ ■ ■ Qn) 


deRV-N'^r^ 

d-( 7 i+l)! 


-u{N) 


i=i 


■ P £ PK{y)N-Hv{N) , 


where u{N) is a function in N satisfying u{N) ^ 0(iV"'), P is a homogeneous 
polynomial of degree 


N ■ Hv{N) 


n ■ deg V ■ 
(n + 1)! 


+ nd ■ u{N) 


deg V ■ 

(n + 1)! 


+ 0(N^). 


Lemma 2.12 (see ini)- Let f be a non-constant holomorphic map ofC into 
CP^. Let Hj = OjoXo + • —h ajM^M^j ^ {1; • • • 7 ?} be q linear homogeneous 
polynomials in ]Cf[xo,... ,xm]- Denote by the field over C of all 

meromorphic functions on C generated by {oji, i = 0,..., M]j = 1,..., g}. 
Assume that f is linearly non-degenerate over Then for each e > 0, 

we have 

1 /• 27 r ll/ll ■ maxjafcil 

[- f nrn (-^^^7)1 -('■'•'’))<'» < (A^ + 1 + OTAr), 

( 2 . 21 ) 


where max^^ is taken over all subsets K C {1,..., g} such that the polyno¬ 
mials Hj, j E K are linearly independent over 

Remark 2.13. Since the coefficients of the HjS are small functions (with 
respect to f), by the First Main Theorem, and by 112.21\) . for each e > 0, we 
have 

^ f max log Yl ( 1 ^ (M + 1 + e)Tf{r). 

Jo I ^ w / I 


3 Proof of the Main Theorem 

A. 

Replacing Qj by QL, where d is the l.c.m of the Q/s, we may assume that 
the polynomials Qi,... ,Qq have the same degree d. Let N » 0 be an 
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integer divisible by d. For each J := {ji,... ,jn} C q}, by Lemma 

12.111 (for JC ;= ICq), there are homogeneous polynomials (J){,..., (de¬ 

pending on J) in /Cq[xo, ..., Xm] and there are functions (common for all J) 

u{N),v{N) ^ 0{N^) such that they form a basis of the JCq— vector space 
ICq[xo,...,xm] j 
XKoiV)N ’ ^ 


Hv{N) 


n - {Qh---Qjn) 


degy.JV"+l 


■PjEX^^iV) 


ICq{V )N-Hv{N) , 


e=i 


where Pj is a homogeneous polynomial of degree -f- v{N). 

On the other hand, for any Q G XicQ(y)N-HviN), we have Q{f) = 0. 
Therefore 


Hv(N) 

n 


^>/(/) = (Oj.(/)" ■«>(/)) 


deg + ^ 

(i-(n+l)! 


-uiN) 


PjU)- 


1=1 

Since the coefficients of Pj are small functions (with respect to /), it is easy 
to see that there exist hj ^ Cj such that 

\Pjif)\ ^ • hj = • hj. 


Hence, 

X /deeV ■ \ 

log( n l^/(/)l) ^ ( /(^ + i)! -n(iV))-log|Q,,(/)---Q,„(/)|+log+h, 


deg V ■ 

(n + 1)! 


+ v(N)) -logll/ll. 


This implies that there are functions a;i(A^),a;2(-^) ^ such that 

J / -| \ I { AT\ 

log(iQ..(/)i• • • iQ..(/)i) > (n i<^/(/)i) 

^ 1=1 

log+^J - (d -f u: 2 {N)) ■ log ll/ll, (3.1) 


for some hj G Cf. 
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We fix homogeneous polynomials <hi,..., ^Hv{n) £ ^q[xo, ■ ■ ■, xm]n such 
that they form a basis of the K-q— vector space • Then for each 

subset J := {ji,... ,jn} € q}, there exist homogeneous linear poly¬ 
nomials L(, ... G JCqIvi, ..., yHv(N)] such that they are linearly inde¬ 

pendent over Kq and 

4>i - ..., e T,Caiy)N, for alH G {1,..., Hy{N)}. (3.2) 

It is easy to see that there exists a meromorphic function ip such that 
A^(p(r) = o(r/(r)), Ni_{r) = o(Tf{r)) and • • •, holomorphic 

and have no common zeros (note that all coefficients of are in /Cq C /C/). 

Let F : C —>■ be the holomorphic map with the reduced rep¬ 
resentation F := Since / is algebraically nonde¬ 

generate over /Cq, and since the polynomials d*!, ..., ^Hv(n) form a basis of 
, we get that F is linearly non-degenerate over /Cq. As a corollary, 

F is linearly non-degenerate over the held over C generated by all coefficients 
of Lf’s. 

It is easy to see that 

TfM <iV.T,(r) + o(T/(r)). (3.3) 

In order to simplify the writing of the following series of inequalities, put 
■= ( detv-1v^+i “ (D, for alH G {1,..., Hv{N)} we have 

fog|0 /(/)l = fog|T/(F)| + log|(p|. 

Hence, by fld.ip . and by taking h E Cf such that log"*" hj ^ log’*' h for all J, 
we get 

Hv(N) 

iog(IQA(/)l--'IQi.(/)l) (^^v(A')'iogM + iog( n ir/Wl)) 

£=1 

- ^og+hj -{d + U 2 {N)) log ||/|| 

Hv{N) 

>A(7V).log( J] |L/(F)|)+A(iV)-Fv(iV)-log|(p| 
£=1 

-log'^h-{d + U 2 {N))\og\\f\\. (3.4) 
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Then, by Lemma [2.31 and by increasing h G C/- if necessary, we get 



+ 7 /- 10g|Qil(/)---Qi™(/)l 


Hv(N) 

>{q-n)d-\og\\f\\+ min A(iV) ■ log ( JJ \Li{F)\] 

JC{l,...,q},#J=n V J 

-{d + U2{N)) log ll/ll + A{N) ■ Hv{N) ■ log \ip\ - log+h 

Hv(N) 

= (g-n-l)d-log||/||+ min /l(A^) ■ log ( JJ 
- U2{N) ■ logll/ll + A{N) ■ Hv{N) ■ log Iv?! - log+h 

(3.5) 


Now for given e > 0 we fix = N{e) big enough such that 

oo 2 {N) ^ and A{N) < 1. 
o 


(3.6) 


By using Remark 12.131 to the holomorphic map F : C —)• the 

error constant ^ > 0 and the system of linear polynomials Lf,... G 

, llHviN)], where J runs over all subsets J := {ji ,..., jn} e {1,..., q}, 

we get: 


2n 


.277 I^viN) 

max log ( TT 

1 JC{l,...,q},#J=n V 


ll^ll 


ie 


de 




.277 


max 

K 


1 ii/mr 


keK 


where maxj^ is taken over all subsets of the system of linear polynomials 
Lf, ... G F.Q[yi,... ,yHv{N)\-i where J runs over all subsets J := 

{ji) ■ ■ ■ An} £ {I 5 • • •) q}) such that these linear polynomials are linearly in¬ 
dependent over /Cq. 

So, by integrating (13. 5 p and combining with (13.6p and (13.7p we have (using 
that N,p{r) = o(T/(r)), N±{r) = o{Tf{r)), that A{N) ■ Hv{N) ^ 0(;^) and 
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that h E Cf) 


0;) ><'(■; - " - l)r/(’') - |r;(r) + A(N) ■ Hv{N) ■ (iV^(r) - ]Vi(r)) - ^T/ir) 


i=l 


r* 27 r 




+ A{N)-^ I min log ( JJ |L/(F)|(re*'^))h6' 

iTT Jo JC{l,...,<?},#J=n V y 

>h(g - n - l)Ty(r) - |Ty(r) - ^Ty(r) - 


/‘2- 

Jo Jc{l,...,(?},#j=n V / 


+ A{N) ■ 


271 Jo JC{1,...,<?},#J= 


=d{q -n- l)Tf{r) - -T/(r) 


r- 27 r 


24(7V) • — / max 

27r Jo Jc{i,...,<?},#J=) 


Hv{N) 


+ A{N) ■ Hy{N) ■ Tp^r) 

>d{q -n- l)Ty(r) - A{N) {Hy{N) + ^)T,.(r) 
+ yl(iV).//v^(iV).r^(r)-|Ty(r) 

>j(g _ ^ _ i)T^(^) _ ^T^(r) - |Ty(r) 

>J(g — n — 1 — e)Tf{r). 


This completes the proof of the Main Theorem. 


□ 


References 

[1] D. P. An, S. D. Quang and D. D. Thai, The second main theorem 
for meromorphic mappings into a complex projective space, Acta Math. 
Vietnam 38 (2013), 187-205. 

[2] H. Cartan, Sur les zeros des combinaisons lineaires de p fonctions holo- 
morphes donnees, Mathematica 7 (1933), 5-31. 

[3] Z. Chen, M. Ru and Q. Yan, The truncated second main theorem and 
uniqueness theorems, Science China 53 (2010), 605-616. 


24 



[4] Z. Chen, M. Ru and Q. Yan, The degenerated second main theorem and 
Schmidt’s subspace theorem, Science China 55 (2012), 1367-1380. 

[5] Z. Chen, M. Ru and Q. Yan, Schmidt’s subspace theorem with moving 
hypersurfaces, Int. Math. Res. Notices 2015 (2015), 6305-6329. 

[6] P. Corvaja and U. Zannier, On a general Thue’s eguation, Amer. J. 
Math. 126 (2004), 1033-1055. 

[7] G. Dethloff and T. V. Tan, A second main theorem for moving hyper¬ 
surface targets, Houston J. Math. 37 (2011), 79-111. 

[8] G. Dethloff, T. V. Tan and D. D. Thai, An extension of the Cartan- 
Nochka second main theorem for hypersurfaces, Int. J. Math. 22 (2011), 
863-885. 

[9] A. E. Eremenko and M. L. Sodin, The value distribution of meromorphic 
functions and meromorphic curves from the point of view of potential 
theory, St. Petersburg Math. J. 3 (1992), 109-136. 

[10] J. H. Evertse and R. G. Ferretti, Diophantine inegualities on projective 
varieties. Internal. Math. Res. Notices 25 (2002), 1295-1330. 

[11] J. H. Evertse and R. G. Ferretti, A generalization of the subspace the¬ 
orem with polynomials of higher degree. Developments in Mathematics 
16 (2008), 175-198, Springer-Verlag, New York. 

[12] R. Hartshorne, Algebraic Geometry, Grad. Texts in Math, vol 52, 
Springer-Verlag, New York, 1977. 

[13] G. Le, Schmidt’s subspace theorem with moving hypersurfaces, Int. J. 
Number Theory 11 (2015), 139-158. 

[14] G. Le, An explicit estimate on multiplicity truncation in the degenerated 
Second Main Theorem, Houston J. Math. 42 (2016), 447-462. 

[15] A. Levin, On a Schmidt subspace theorem for algebraic points, Duke 
Math. J. 163 (2014), 2841-2885. 

[16] H Matsumura, Commutative Algebra, Benjamin/Cummings Publica¬ 
tion Company, Massachusetts, 1980. 


25 



[17] M. Ru, On a general form of the Second Main Theorem, Trans. AMS 
349 (1997), 5093-5105. 

[18] M. Ru and P. Vojta Schmidt’s subspace theorem with moving targets, 
Invent. Math. 127 (1997), 51-65. 

[19] M. Ru, A defect relation for holomorphic curves intersecting hypersur¬ 
faces, Amer. J. Math. 126 (2004), 215-226. 

[20] M. Ru, Holomorphic curves into algebraic varieties, Ann. of Math. 169 
(2009), 255-267. 

[21] B. Shiffman, On holomorphic curves and meromorphic maps in projec¬ 
tive space, Indiana Univ. Math. J. 28 (1979), 627-641. 

[22] P. Voita, On Cartan’s theorem and Cartan’s conjecture, Amer. J. Math. 
119 (1997), 1-17. 

[23] P. Vojta, Diophantine approximation and Nevanlinna theory, in : J.- 
L. Colliot-Thelene, P. Swinnerton-Dyer and P. Vojta (eds.). Arithmetic 
geometry, 111-124. LNM 2009, Springer-Verlag, Berlin, 2010. 

[24] O. Zariski, Generalized weight properties of the resultant of n -\- 1 poly¬ 
nomials in n indeterminates, Trans. AMS 41 (1937), 249-265. 

William A. Cherry 
Department of Mathematics 
University of North Texas 
1155 Union Circle 311430 
Denton, TX 76203-5017 
e-mail: wcherry@unt.edu 

Gerd Dethloff 

Universite de Bretagne Occidentale (Brest) 

Laboratoire de Mathematiques de Bretagne Atlantique - UMR 6205 
6, avenue Le Gorgeu, CS 93837 
29238 Brest Cedex 3, France 
e-mail: gerd.dethloff@univ-brest.fr 


26 



Tran Van Tan 

Department of Mathematics 
Hanoi National University of Education 
136-Xuan Thuy street, Can Giay, Hanoi, Vietnam 
e-mail; tranvantanhn@yahoo.com 


27 



